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ABSTRACT

A mapping ¢ of a group G to a group F is said to be polynomial if it
trivializes after several consecutive applications of operators Dy, h € G,
defined by Dpe(g) = p(g)te(gh). We study polynomial mappings of
groups, mainly to nilpotent groups. In particular, we prove that poly-
nomial mappings to a nilpotent group form a group with respect to the
elementwise multiplication, and that any polynomial mapping G — F to
a nilpotent group F splits into a homomorphism G —+ G’ to a nilpotent
group G’ and a polynomial mapping G — F. We apply the obtained
results to prove the existence of the compact/weak mixing decomposi-
tion of a Hilbert space under a unitary polynomial action of a finitely
generated nilpotent group.

0. Introduction

0.1. In contrast with the case of abelian groups, the element-wise product
¢ = @12 of two homomorphisms @1, ps: G — F of general groups need not
be a homomorphism. If F is a nilpotent group, then ¢ is not, however, quite
arbitrary. Consider the following example. Let F' be the (nilpotent) group of
upper triangular Z-matrices with unit diagonal. Then for any homomorphism
@: Z — F the entries of ¢(n), n € Z, are polynomials in n. Let us say that
a mapping ¢: Z — F' is polynomial if the entries of ¢(n) are polynomials in
n. Then the set of polynomial mappings Z — F is closed with respect to the
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element-wise multiplication (¢1p2)(n) = @1(n)pa2(n). It follows that the product
of finitely many homomorphism Z — F is a polynomial mapping.

0.2. We show in this paper that the example in 0.1 illustrates a general phe-
nomenon. For a mapping ¢ of a group & to a group F and for h € G we define
the operator of “differentiation” Dy by (Dp)(g) = ¢(g9)"tp(gh), g € G. We
say that ¢: G — F is polynomial of degree < d if the successive applica-
tion of d 4+ 1 operators of differentiation cancels @: for any hy, hy,..., hgtr1 € G,
Dy, Dy, -+ - Dy, ¢ = 1p. Under this definition, polynomial mappings of degree 0
are constants and polynomial mappings of degree < 1 are affine homomorphisms.
Polynomial mappings inherit some properties of the conventional polynomials:
the set of polynomial mappings is invariant under translations in both F' and
G; given a set S of generators of GG, any polynomial mapping of degree < d is
determined by its values on the set S¢ = {g1---gx| k < d, g1,...,9x € S}.
However, the “sum” (that is, the element-wise product) ¢(g) = @1(g)p2(g) of
two polynomial mappings need not be polynomial: the simplest example is pro-
vided by the homomorphisms 1 (n) = f7*, pa(n) = f3 of Z to the free group F'
generated by fi, f2. The example in section 3.1 below demonstrates that even
in the case where F is a metabelian (2-step solvable) group, the product of two
homomorphisms may not be polynomial.

0.3. The situation changes if one deals with nilpotent groups: polynomial map-
pings of an arbitrary group to a nilpotent group form a group with respect to
the element-wise multiplication (Theorem 3.2). It seems that nilpotent groups
form a natural scope for polynomial mappings: we prove that, if ' is nilpotent,
the composition of polynomial mappings G — G and Gy — F is polynomial
(Proposition 3.22); that a polynomial mapping of an arbitrary group G to a nilpo-
tent group F is decomposable into the composition of an epimorphism G — G’
onto a nilpotent group G’ and a polynomial mapping G' — F (Proposition
3.21); that the operations of multiplication and raising to powers in a nilpotent
group are polynomial (Corollary 3.7).

0.4. We utilize the obtained results to describe the decomposition of a Hilbert
space into the sum of the compact/weak mixing subspaces under the “polynomial
action” of a finitely generated nilpotent group. If ¢ is a unitary action of a count-
able amenable group G on a Hilbert space H, then one has a decomposition H =
HE(p) & H¥™(yp), where HE(p) and H¥™(¢) are ¢(G)-invariant subspaces of H
such that the action ¢ of G is compact on H¢(y) and is weakly mixing on H¥™(¢p).
That is, for any u € H(p) the orbit (G)u = {¢(g)u| g € G} is precompact,
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and for any u,u’ € H"™(p) and any € > 0 the set {g € G| [{(p(g)u,u)| > €}
has zero demnsity in G (with respect to any Felner sequence in G) ([D]). Such a
decomposition may not exist if ¢ is not a homomorphism of G to the group U(H)
of unitary operators on ‘H but the element-wise product of two homomorphisms

G — U(H):

Example: Let H be a Hilbert space with the orthonormal basis {u;, v, 24, ¥i }icz
and let T and S be unitary operators on ‘H whose action on the elements of the
basis are defined by

Tiug = Y, v Ty, TP U1, Yo Usgd

and  S:u; vy, Ui Uipl, T Ui Y Tige

Let p(n) = T™S™ (that is, ¢(n)w = T*{(S™w), n € Z, w € H); ¢ is the product of
the homomorphisms n — T™ and n > 8™ of Z to the group of unitary operators
on ‘H. We have

(n): Ui = Uign, Vird Vi, Ti>Ti, Yi = Yirn if nis even,
pin): Uy 7 Tiy Ui 7 Yivms  LTi 7> Uipn, Yo — v if nis odd,

and it is easy to see that ¢ is neither compact nor weakly mixing on any vector
from H.

0.5. However, if ¢1, @2 are homomorphisms of a (finitely generated) amenable
group G to a nilpotent group of unitary operators on H, then ¢ is a unitary
polynomial action of G, that is, a polynomial mapping (see 1.4) of G to U(H).
In this case we have:

THEOREM: Let ¢ be a polynomial mapping of a finitely generated amenable
group G to a nilpotent group F of unitary operators on a Hilbert space H. Then
H = H(p) & HY™(p), where H®(p) and H¥™(p) are o(Q)-invariant orthogonal
subspaces, ¢ Is compact on H°(p) and is weakly mixing on H"™(y).

0.6. Though we are mainly interested in polynomial mappings of nilpotent
groups, many facts brought in this paper have a quite general character; there-
fore, when possible, we will consider polynomial mappings of general groups.
Polynomial mappings to abelian groups are discussed in [B], Chapter 4.

0.7. In Section 1 we describe some useful properties of polynomial mappings of
general groups. In Section 2 we discuss polynomial mappings to abelian groups.
Section 3 is devoted to polynomial mappings to nilpotent groups. In Section
4 we prove that “the set of zeroes” v ~'(1r) of a polynomial mapping ¢ of a
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countable amenable group G to a torsion-free group F' has zero density in G. In
Section 5 we consider weakly mixing/compact properties of polynomial unitary
and polynomial measure preserving actions of finitely generated nilpotent groups.

ACKNOWLEDGEMENT: I thank V. Bergelson for help and encouragement. I am
also grateful to the referee for constructive remarks.

1. Polynomial mappings of groups

1.1. Let ¢ be a mapping of a group G to a group F. For h € G, we define the
h-derivative of ¢, Dyp: G — F, by Dyo(g) = ©(g) " o(gh).

1.2. LEMMA: For a mapping p: G — F and for any h,h1,hy € G, one has

Dhn0(9) = D, ¢(9)Dh,0(gh1) = Dp,¢(9)Dh,(9) D, Dr,p(g) and Dy-1¢(g)
= Dpp(gh™t)~ 1.

Proof: Direct computation. ]

1.3. LeMMA: Let ¢: G — F satisfy ¢(1g) = 1p. Then for any h € G,
Dre(16) = ¢(h) and Drp(h™1) = p(h~1)~".

Proof: Direct computation. |

1.4. Unless stated otherwise, we will assume that G and F are groups and that
S C G is a generating set for G. Let d be a nonnegative integer; we say that
¢ is polynomial of degree < d (relative to S) if for any hy,...,hay1 € S,
Dy, -+ Dpy,, ¢ = 1p. We will call the minimal d with this property the degree
of ¢ (relative to S): degyp = d.

Thus, a mapping ¢: G — F is polynomial of degree < d, d > 1, relative to S
if and only if for all & € S, the mappings D are polynomial of degrees < d —1.

1.5. Clearly, if 81, S» are two generating sets for G with S; C S; and a mapping
¢: G —> F is polynomial of degree < d relative to Sy, then ¢ is polynomial of de-
gree < d relative to Sy. So, the strongest definition of polynomiality corresponds
to S =G.

When the set S does not matter, we will omit the words “relative to S” and
simply write “p is polynomial”.
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1.6. Let us remark that the requirement that S generates G is not a principal
restriction. Indeed, assume that S C G generates a subgroup G’ of G. Then G is
partitioned into the union of left cosets of G’, each of which is (affine) isomorphic
to G’. A mapping ¢: G — F is polynomial of degree < d relative to S if and
only if the restriction of ¢ on each of these cosets is polynomial of degree < d
relative to S.

1.7. PROPOSITION: A polynomial mapping of degree zero is constant. A poly-
nomial mapping of degree one is a nonconstant affine homomorphism (that is, a
homomorphism multiplied by a constant).

Proof: Let Dpp = 1p for all h € 5. Then for any g € G and h € S, p(gh) =
©(9)Dro(g) = ¢(g) and ©(gh™!) = ©(g)Dre(g) ™" = ¢(g); since S generates G,
this implies ¢ = p(1¢g).

Now let Dpy = const = Dpy(lg) for all A € G. Then for any g € G and
h €S, Drp(g) = Drp(1e) = ¢(16) ¢(h), and so,

e(16)Me(gh) = (p(16)"0(9)) (p(La) " e(R)).
Since S generates G, this implies that ¢{1) !y is a homomorphism. |

It follows that if ¢ is a polynomial mapping of degree < d relative to S, then for
any hy, ..., hq € S the mapping Dy, - - - Dy, @ is constant, for some hq, ..., by this
constant differs from 17, and then the mapping Dy, - -+ Dp,_, ¢ is a nonconstant
affine homomorphism.

1.8. Polynomial mappings Z*¥ — Z! (relative to any generating set S in ZF) are
ordinary polynomials in k variables {(with, possibly, rational coefficients: %n(n— 1)
is a polynomial mapping Z — Z).

1.9. Polynomial mappings of groups share many properties with conventional
polynomials; we will describe some of these properties in a series of simple propo-
sitions.

1.10. PROPOSITION: If: G — F is polynomial of degree < d and m: F — F’
is a homomorphism, then the composition o ¢ is also polynomial of degree < d.

1.11. ProposiTiON: Let ¢: G — F be a mapping, let m: G — G be a
homomorphism, and let ¢ = ¢ ox. If ¢ is polynomial of degree d relative to
S C G and S = m~1(S) generates G, then ¢ is polynomial of degree d relative
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to S. If ¢ is polynomial of degree d relative to S C G and 7 is onto, then ¢ is
polynomial of degree d relative to S = 7(S).

Proof: For he 8, h=m(h) € S and any § € G one has

-1 g

D;¢(3) = ¢(9) ' ¢(gh) = o(n(@) " e(n(Gh)) = ¢(r(@) " ¢(r(a)h)
= Dpp(n(g)).
Hence, Dj ¢ = Dypp o, and the derivatives of ¢ and ¢ trivialize simultaneously.

1.12. PROPOSITION: Let ¢o: G — F be a mapping, S be a generating set for
G and d € N. Assume that for any g € G and any hy,...,hq € S the restriction
of ¢ onto the group generated by g and hy, ..., hq is polynomial of degree < d
relative to {hy,..., hg}; then g is polynomial of degree < d relative to S.

Proof: For d = 0 the statement is clear. Let h € S. For any ¢ € G and
hi,...,hq_1 € S the restriction of ¢ on the subgroup generated by g, h, hy,...,
hg_1 is polynomial of degree < d relative to {h,h1,...,hq_1}. Hence, the re-
striction of Dp¢ on the subgroup generated by g, hy, ..., ha—1 is polynomial of
degree < d — 1 relative to {hy,..., hg—1}. By induction on d, Dp¢ is polynomial
of degree < d — 1 relative to S and so ¢ is polynomial of degree < d relative to
S. ]

1.13. ProPOSITION: If p: G — F is polynomial of degree d relative to S C G,
then for any go € G, fo € F, the mappings 1(9) = fop(9), ¥2(9) = ¢(9)fo and
©3(g) = ¢(gog) are polynomial of degree d relative to S, and @4(g) = ¢(gg0) is
polynomial of degree d relative to goSgy 1

Proof:
Dri1(g) = @(g) " 5 fop(gh) = Dre(9),
Dria(g) = £ e(9) *(gh) fo = f5 ' Dre(g) fo,
Dhrips(g) = v(gog) " ¢(gogh) = Dre(gog),
Dra(g) = ¢(990) " 0(ghgo) = ¢(990) ™" #(99095 'hgo) = Dy=14,0,0(990). B

1.14. PROPOSITION: A mapping ¢: G — Fy x Fa, ¢ = (91, 2), is polynomial
of degree < d if and only if both ¢ and @, are polynomial of degree < d.
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1.15. PROPOSITION: Let S C G generate G and let p: G — F be a polynomial
mapping of degree d relative to S. Then ¢ is uniquely determined by its values
on the set 5S¢ ={g=hy -l 0<1<d, hy,...,hy € S}. (We assume that the
empty word represents 1g.)

Proof: Assume that we are given ¢|g<s. For h € S and g € SS9, Dyp(g) =
©(g9)"to(gh) with gh € SS% and so, by induction on d, Dy is uniquely deter-
mined. Lemma 1.2 shows that Dy is uniquely determined for any g € G, and

¢(9) = ¢(1c)Dgp(la). W

1.16. COROLLARY (of the proof): Let ¢: G — F be a polynomial mapping
of degree d relative to S and let H be a subgroup of F. If ¢(S<%) C H, then
¢(G) C H.

1.17. COROLLARY: Let @: Z — F be a polynomial mapping of degree d relative
to {1} and let H be a subgroup of F. If ¢(0),¢(1),...,¢(d) € H; then o{Z) C H.

1.18. COROLLARY: Let G be generated by a finite set S and let p: G — F be a
polynomial mapping relative to S. Then ¢(G) is contained in a finitely generated
subgroup of F.

Proof: (@) lies in the subgroup of F generated by ¢(S<9). 1

1.19. PROPOSITION: Let G be the free group generated by a set S and let
d € N. Any mapping n: S<¢ — F is extendible to a mapping ¢: G — F
which is polynomial of degree < d relative to S. (By Proposition 1.15, such ¢ is
unique. )

Proof:  For h € S define a mapping n,: S — F by n,(g9) = n(g) " n(gh),
g € SS4-1. By induction on d, for every h € S there is a mapping ¢p: G — F
which is polynomial of degree < d — 1 and satisfies @p|g<a-1 = n. Define a
mapping ¢: G — F in the following way. Put ¢(1g) = n(1lg). Assume that
¢ has been already defined on the elements of G representable in the alphabet
S U S™! by reduced words of length m, m > 0, and let h € S. Then if gh is
a reduced word of length m + 1, we put p(gh) = ¢(g)en(g), and if gh™! is a
reduced word of length m + 1, we put ¢(gh™!) = ¢(g)en(gh™1) L. It is easy to
see that ¢|g<¢ =7 and that for any h € S, Dy = @p,. ]
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1.20. COROLLARY: Let G be the free group generated by a set S, let p: G — F
be a polynomial mapping of degree < d relative to S and let = F — F be an
epimorphism. Then there is a mapping ¢: G — F which is polynomial of degree
< d relative to S and such that mo @ = .

Proof: Define ¢ on §<% so that 7o @|g<a = p|g<a and extend it to a polynomial
mapping G — F of degree < d. Then 7 o ¢ is a polynomial mapping of degree
< d coinciding with ¢ on SS¢. By Proposition 1.15, 10 ¢ = ¢. |

1.21. We now pass to the case of a torsion-free F'.

PROPOSITION: Let F have no torsion and let ¢y: G — F be a nonconstant
polynomial mapping. Then ¢(G) is infinite.

Proof: 1f (G) is finite, then for any h € S, Dro(G) C ¢(G) 1p(G) and thus is
also finite. Let degp = d; then, for appropriate hq,...,hg—1 € S, Dp, -+ Dn,p
is a nonconstant affine homomorphism G — F with finite range, which is im-
possible since F' has no torsion. ]

1.22. PROPOSITION: Let F' have no torsion and let ¢: Z — F be a polynomial
mapping of degree < d relative to N (sic!). Assume that for some m € Z and

neN, o(m)=y¢(m+n)=---=p(m+dn). Then ¢ is constant.

Proof: Assume that ¢ is nonconstant. Put @1 = Dy, @2 = Dpyy, ..., and
let k& be the maximal integer for which ¢y is nonconstant. We have k¥ < d ~1
and @g(m) = - = g (m + (d— k)n) = 1. But ¢4 is an affine homomorphism,
or(l) = fof* for some fo, f € F. Thus fof™ = fof™*", which implies ™ = 1p.
Since F has no torsion, f = 1z, which leads to a contradiction. n

1.23. LEMMA: Let ¢: G — F be a mapping with ¢(1g) = 1p, let S C G be
a generating set for G and let g € G be such that Dpp(g9g0) = Dry(go) for all
go € G and h € S. Then ¢(gg0) = ¢(g)¢(go) for all g € G.

Proof: For any h € S we have Dpp(g) = Dro(lg) = ¢(h). Now, assume that
for some gy € G one has ¢(gg0) = ¢(g)¢(go). Then, for any h € S,
©(9g0h) = ¢(990) Drp(990) = v(9)#(g0) Drip(g0) = ¢(g)e(goh)
and
©(990h™") = ©(990) Dn-19(990) = ©(9)¢(90) Drp(ggoh™) ™"

= ¢(9)¢(g0) Dn(goh™") " = ©(g)®(g0) Dr-1¢(g0) = 9(9)¢(goh). B
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1.24. PROPOSITION: Let F' have no torsion, let ¢: G — F be a polynomial
mapping relative to S C G and let g be an element of G of finite order. Then for

any 91,92 € G, ¢(91992) = ©(9192).

Proof: We may assume that ¢(lg) = 1p. By induction on the degree of
@, for any h € S and any g2 € G, Dpe(gg2) = Dro(g2). By Lemma 1.23,

w(ggs) = ¢(g)p(ga) for all go € G. In particular, p(g") = p(g)" for all n € N.
Since g has finite order and F' has no torsion, ¢(g) = 1r. So, ¢(g992) = ¢(g2)-

Applying this formula to the polynomial mapping ¢1(g9) = ¢(919), g1 € G, we
get 0(g1992) = p(g192). 1

1.25.  One can generalize Proposition 1.24 as follows. Let us say that a subgroup
H of a group F is closed if f* € H with n # 0 implies f € H. Clearly, a normal
subgroup H of F is closed if and only if F/H has no torsion. It is also clear that
if a subgroup H of F is closed, then the conjugate subgroups f~1Hf, f € F, are
also closed and thus the normal subgroup ;¢ p(f “LH{) is closed.

1.26. PRrROPOSITION: Let H be a closed subgroup of F and let o: G — F be
a polynomial mapping. Then for any g € G of finite order and any g1, 92 € G,
©(91992) € p(g192)H N Hp(g192).

Proof: Replace F by F/ ﬂfep(f_le) and apply Proposition 1.24. 1

1.27. Question: Is the composition of two polynomial mappings polynomial?
This is true for mappings to nilpotent groups (see Proposition 3.22 below); we
however doubt that this is true in general.

2. Polynomial mappings to abelian groups

The results in this section are preparatory; they will be used and strengthened
in Section 3. We will assume in this section that F' is an abelian group written
additively.

2.1. The following is obvious:
LEMMA: Polynomial mappings G — F of degree < d form a group under

addition.

2.2. LEMMA: Ifp: G — F is polynomial of degree d relative to S C G, then ¢
is polynomial of degree d relative to G.

Proof: For any h € S, Dy is polynomial of degree < d — 1 relative to S, and
thus, by induction on d, is polynomial of degree < d — 1 relative to G. It follows
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from Lemma 1.2 and Lemma 2.1 that Dye are polynomial of degrees < d — 1
relative to G for all A € G, which implies the result. |

2.3. LEMMA: For a mapping ¢: G — F and any k € N, hy,...,hy,9 € G, one
has Dy, -+ Dy, p(g) = ZAQ{I,...,k}(_l)k_lAl‘P(g Ijeca hj).

(In the product [];c 4 h; elements h; are taken in the natural order: if A =
{d1, -~ i} with g1 <--- <y, then [Lic 4 by = Ry, - hy,)

Proof: Induction on k. |

2.4. LEMMA: A mapping ¢: G —> F' is polynomial of degree < d if and only if

oo (=[] 95) =0 forany gr,.-., 9441 € G.
ACAL,..d+1} jeA

(For d = 2, for example, this is ¢(g19293) — ¢(g192) — ¥(9193) — ©(9293) +
o(g1) + o(g2) + ¢(g3) — v(1lg) =0.)

Proof: By Lemma 2.3, the condition

l)g2 NS .ng_Hgo(gl) = const = Dg2 ces ng_H(P(lG)

can be rewritten as
> =)Mo [T = DY C0e(ITe)
AC{2,...,d+1} jeAa ACH2,...,d+1} Jj€A

which gives the result. 1

2.5. Let us define, for a set X and [ € N, p='X = {A C X| |A| = [} and
pSIX = {AC X| |4 <1}

LeEMMA: If ¢: G — F is polynomial of degree < d, then for any k > d+ 1 and
g1;---5 9% € G7

1 R SRl Gt 0 | )

A€p<d{1,.. .k} JEA

Proof: Letk € N, let g1,..., 9% € G and let ¢ be polynomial of degree d < k—1.
By Lemma 2.4,

w(f[ 9;) = > (1) 14o(TT 95)-

A€pSk-1{1,....k} jEA
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By induction on decreasing d, we then have
k
o(JT9s)
i=1

o (5T e )

It
M

Acp<ati{1,. .k} JEA
- k— 1Al -1
Bep=d4+1{1,..k} j€B AcpSa{1,. .k} JEA
= ( > 0[] e))
Bep=4t1{1,.. .k} Acp<iB JEA

+ (1) 'A'<d+|1A||_A1|> (IT9)

A€p<d{1,...k} JEA
|Af -1

= 2 (H)d_lAl (d i1|—/1||,4|> e (1:14: 1- |A|>>‘P(H 9)

A€pSi{l,...k} jeA

D SR i v 176 ) S

Aep<d{l,...,k} JEA
2.6. PROPOSITION: Let F and E be abelian groups, let ¢: G — F be poly-
nomial of degree < d and ¢¥: F — FE be polynomial of degree < c¢. Then the
composition ¢ o ¢ is polynomial of degree < dc.

2.7.  To avoid cumbersome calculations involved in the direct proof of Propo-
sition 2.6, we want to establish first a useful criterion of polynomiality. Let us
introduce more notation. Assume that X,Y are sets and a: (X°UX!'UX?U---U
X%) — Y is a mapping. Let k € Nand Z = (21,...,2x) € X*. Then we define
a mapping o: p<¢{1,... k} — Y in the following way: for A € p<¢{1,...,k},
A= {j1,-.-,Jr} With j1 < ... <jp, let &"(A) = a(zj,,...,z;).

We will say that a mapping oz (X°UX'UX?2U---UX%) — Y is symmetric
if a(g1,...,97) = @(go(1ys -+ 90(r)) for any r < d, any g1,...,9» € G and any
permutation o of {1,...,r}.

2.8. LEMMA: A mapping ¢: G — F' is polynomial of degree < d if and only if
there is a mapping a: (G°U---UG?) — F such that for any k € N and any

g: (917"'agk) EGk’

w(ﬁgj) = > Jd4)

Agp<4{l,...k}
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If G is an abelian group, « is symmetric.

Proof: Let a: (GOU---UGY%) — F and ¢: G — F satisfy

k
(,D(ng) = Z a9(A) for all k € N and all (gy,...,9x) € G*.
j=1 A€p<d{l,.. .k}

Then for any § = (g1,...,gay1) € G41,

Y U M(le) = Y ()Y of(B))

AC{1,...,d+1} JjEA AC{1,...,d+1} Bep<dA

- Y (S (e

Bep<d(l,...d+1} I=|B|

= > (1-1)%1-1Bla8(B) = 0.
BepSd{1,...d+1}
By Lemma 2.4, ¢ is polynomial of degree < d.

Now let us assume that ¢: G — F is polynomial of degree < d. Define
@ (G°U---UG%) — F by

a0) = p(1c),algr, -, 9) = D (1) Mo(I] 95)
AC(L,...r} jeA

for1<r<d, g=(91,---,9r) € G". Then for any k < d and § = (g1,...,9%) €
G* we have, using induction on k,

d
o([195) =atorvo0 = > 0Me(]] )

A€p<k=1{1,...k} j€A

= (g1, .-, 9%) — 3y (—1)k-|AI(Z aﬁ(B))
BCA

AcpSk—1{1,...k}

=alg..) — Y (kf (—1)k—’(’;:||§|l>)aﬁ(3)

Bep<t-1{1,..k} I=|B|

= > d(B)

BC{1,...,k}

And for k> d+1and g = (g1,...,9x) € G¥, using Lemma 2.5 and induction on
k we have

so(f[ gi)= >, () Mo(]] g)

A€pSk-1{1,...k} jEA
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S oMY 0i()

AcpSh-1{1,..k} BepSdA

Y (3 (3= a0)eee)

Bep<d{1,..k} I=|B|

Z a?(B).

Bep<d{l,.. k}

Il

In case of commutative G the symmetry of & follows from its definition. |

2.9. Now let us note that in 2.8, instead of {1,...,k} we can use as a set of
indices any linearly ordered finite set. In case of abelian G, because of symmetry
of o any non-ordered finite set can be used. It follows that for an abelian G we
can reformulate Lemma 2.8 in the following way. For sets X,Y, a symmetric
mapping B: (XU .- U X% — Y, aset Z and a mapping &: Z — X let us
define a mapping 8%: p<¢Z — Y by *({z1,...,2:}) = B(€(z1), ..., &(2r)).

LeMMA: Let G be an abelian group (written additively). A mapping ¢: G —
F is polynomial of degree < d if and only if there is a symmetric mapping
B: (G°U---UG?%) —> F such that for any finite set Z and mapping ¢&: Z — G

one has
e(D @)= Y. BB
2€Z Bep<dz

2.10. Proof of Proposition 2.6: Let G be a group, let F' and E be abelian groups,
let ¢: G — F be a polynomial mapping of degree < d and let ¢: F — FE be a
polynomial mapping of degree < c. Let a: (G°U---UG?) — F be the mapping
defining ¢ as in Lemma 2.8, and let 3: (F°U ---U F°) — E be the mapping
defining ¢ as in Lemma 2.9. Then for any k € N and § = (g1,...,9x) € G* we
have

wogo(f[gj)zw( > W)= Y B

A€p<d{l,.. .k} BepScp<d{l,..k}

- > (X o),

Cepgdc{l,...,k} BepScpSdo
UB=C

where for a set B we put | J B = |J .5 A. Now, if we define v: (GU- - UGH) —
F by ]
’Y(glv'-'agr) = Z IBQg(B)7

BepScpSdir, . r}
uUB={1,..., r}
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r<de, §=(g1,...,9r) € G", we will have

k
T/JOSO(H!]]')Z Z 79(C) for all k € Nand g = (¢g1,...,9%) € G*.
j=1 Ceplde(1,...,k}

By Lemma 2.8, ¥ o p is polynomial of degree < dc. ]

2.11. Let Z[G] be the group ring of G; we may extend ¢ to a homomorphism
Z[G] —> F by linearity. Let J = {g —~ 1¢| g € G} C Z[G]; then, by Lemma 2.4,
¢ is polynomial of degree < d if and only if it is trivial on J¢*!. In this case ¢
is also trivial on J* for all k > d + 1.

2.12. Let I be the augmentation ideal in Z[G], that is, the kernel of the
augmentation homomorphism a: Z[G] — Z (which is defined by a|g = 1).

LEMMA: ¢: G — F Is polynomial of degree < d if and only if the extension
of ¢ on Z[G] is trivial on I%+1. (This is the definition of polynomiality given in

(B].)
Proof: I is spanned by elements of the form

91(9 — 1¢)g92 =(91 — 1¢)(9 — 1g)(92 — 1) + (9 — 16)(92 — 1)
+-1le)g—1a) - (9-1e) e J+ J2 + T3,

thus I € J + J2 + J® and so I9+! C Jot1 4 gd+2 ... 4 j3d+3, 1

2.13. Given h € G, let us define the left h-derivative of p: R — F by
DEp(g) = p(hg) — p(g). We will say that ¢ is left-polynomial of degree < d
if for any hy,...,hgy1 € G, D,fl -.-DE

ha+a

p=0.

COROLLARY: @: G — F' is left-polynomial of degree < d if and only if ¢ is
(right-) polynomial of degree < d.

2.14. Let G = G(1y D G2y D --- be the lower central series of G: G(i;1) =
[G,G(y], i € N, and let I be the augmentation ideal in Z[G].

LEMMA (cf. [B], section 27): For anyi € N, Gy — 1¢ C I'.

Proof:  Assume by induction that G(;_1) — 1¢ C I*"!. Then for any g € GG-1
and ¢’ € G we have

(9,91 -1l =9""¢""9¢' —1c=9""9"""(99' - ¢'9)

=g 1 (g~ 16)(¢' —16) — (¢’ — 1c)(g9 — 1g)) € I'.
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G(;y is generated by elements of the form [g, ¢'] with g € G(;_1y, ¢’ € G, and if
g1,92 € G satisfy g, — 1g, 92 — 1g € I*, then

g2 —lg=g1(ga—1e)+g1—1gel’. &

2.15. ProposiTiON: If ¢: G — F is a polynomial mapping of degree < d,
then there is a nilpotent group G’ of class < d such that ¢ splits into the com-
position ¢ = ¢’ o of an epimorphism m: G — G’ and a polynomial mapping
oG — F.

Proof: In the notation of 2.14, ¢ is defined on G/G (441, that is, is constant on
cosets of G441y in G. Indeed, the extension of ¢ to Z[G] is trivial on 1%+, But
by Lemma 2.14, G(411) — 1g C 1% and so

¢(gog) — p(90) = ¢(90(g — 1)) =0

for all g € G(a41), g0 € G ]

3. Polynomial mappings to nilpotent groups

3.1. Given a group GG and a non-abelian group F', the product of two polynomial
mappings G — F does not have to be polynomial. Here is an example: let F
be the group generated by f, f1, f2 satisfying [f1, fo] = 1r, f~1f1f = fif2 and
f~Yfaf = fifo. Then the product of the polynomial mappings @1, pa: Z — F,
p1(n) = f"f1, pa(n) = f, is

— a1 AT +ag AT (B AT +b2AT
p(n) = f7"ff" = 1T T,

f }) and ay,asg, by, by are some

constants. ¢ maps Z into the abelian group generated by f; and f and, clearly,
is not polynomial. In this example, the group F' is metabelian.

where Ay, Ag are the eigenvalues of the matrix (

3.2. However, when F' is nilpotent, the situation improves:

THEOREM: If F is nilpotent, polynomial mappings G — F form a group.

3.3. To prove Theorem 3.2 we need to introduce the notion of the lc-degree
(the degree, associated with the lower central series) of a polynomial mapping
to a nilpotent group. Let F' be nilpotent of class ¢ and let F' = F1y D Fi) D
-+ D Fgy D Fler1y = {1F} be the lower central series of F: Fi; .y = [F;), F],
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i=1,...,c. PutZy = {0,1,2,...} and Z, = Z; U {-o0}. A vector d =
(d1,...,d;) € ZS is said to be superadditive if d; < d; for all ¢ < j, and
di + dj < diy; for all ¢, j with i + j < ¢ (we follow the convention that —co < ¢
and —oo+t = —oo forany t € Z,). Let ¢: G — F be a polynomial mapping
relative to S C G and let d = (d1,...,d:) € ZS be a superadditive vector. We
will say that ¢ has lc-degree < d (relative to S), lc-degy < d, if for each
1=1,...,cone has:

if d; = —~o0, then ¢(G) € F(;11);

if d; > 0, then for any hy,...,hq,41 € S, Dy, ---thiﬂcp(G) C Ftyy-
It is clear that if le-deg @ < (dy,...,d.), then degp < d., and if deg p < d, then
le-deg ¢ < (d,2d,...,cd).

3.4. We will prove the following strengthening of Theorem 3.2:

PROPOSITION: Let F be nilpotent, let S be a generating set for G and let d € Z¢
be a superadditive vector. Then polynomial mappings G — F of lc-degree < d
relative to S form a group.

Proof: The proof is analogous to the proof of Theorem 1.12 in [L1]. For d € Z,
andt € Zy, putd -t =d—tifd >tand d -t = —oo otherwise. For
d=(dy,...,d;) € ZS, putd~t = (dy = t,...,d. ~t). Notice that (d ~t1) ~ts =
d = (t; + t2), and that if d is a superadditive vector then for any t € Z,, d ~ t is
also superadditive. It is clear that if ¢ is a polynomial mapping of le-degree < d,
then for any h € S, Dy is polynomial of lc-degree < d — 1. And conversely, if
for any h € S the mapping Dy is polynomial of le-degree < d = (dy, ..., d.),
then ¢ is polynomial of lc-degree < b = (by,...,b.), where b; = d; + 1 if d; > 0
and b, =0 if d; = —o0.

We will show the following:

(a) If @1, @ are polynomial mappings of le-degree < d — ¢, then @1¢, is
polynomial of le-degree < d + t.

(b) If @1, ¢y are polynomial mappings of lc-degrees < d ~ ¢; and
< d + ty respectively, then [p1, 2] = ¢ 05 012 is polynomial of le-degree
<d =+ (t +t2).

(¢) If ¢ is a polynomial mapping of lc-degree < d + ¢, then ¢~
of lc-degree < d ~ t.

We will prove (a), (b) and (¢) simultaneously by induction on decreasing t and
t1 + to.

First of all, if ¢ is large enough (¢t > d.), then lc-degy < d + ¢t means that
¢ = 1p, which trivially implies (a) and (c); (b) is trivially satisfied when t;+t; >

1 is polynomial
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2d.. Now let s € Z, and assume that (a), (b) and (¢) hold for ¢ > s + 1 and
t1 +ty > s+ 1; we will prove that they hold for ¢t = t; +f = s.

(a) Let t = s and let 1, @2 be polynomial mappings of lc-degree < d + t.
Then for any h € S and g € G,

Dr(p192)(9) = 02(9) " 01(9) " 01(gh)p2(gh) = 02(9) ' Drio1(9)2(9) Drepa(g)
= Dnp1(9)[Dre1(9), v2(9)]|Drp2(g)-

Dri(g) and Dpp3(g) are polynomial mappings of le-degree < d — (¢t + 1). Thus
by our assumption, [Dy¢1(g), ¢2(g)] is polynomial of lc-degree < d — (t+1+t) <
d = (t+1), and Dp,(¢;¢2) is polynomial of le-degree < d + (t+1). It follows that
P12 is polynomial of lc-degree < (by,...,b.) with b; = d; — ¢t if d; > ¢. To prove
that le-deg(1¢2) < d = t it suffices to check that w3p2(G) C Fipy ifdi <t
But this is so since ¢1(G), p2(G) C F(;41) in this case.

(b) Now let t; +t5 = s, let ¢ be a polynomial mapping of le-degree < d +t;
and ¢y be a polynomial mapping of lc-degree < d — t;. We use the commutator
identity

[zy, w] = [z, u][z,v] [v, [u, z]] [[a‘, v][v, [u, 7], [z, u]] [[:c, v] (v, [u, 7]] [z, u], y]
’ [y7 ’U] [Uv [’U,, y” [yv u]

to write, for any h € S and g € G,

Di[ip1, 02)(9) = [@1(9), 02(9)] " 01 (gh), p2(gh)]
=[p1(9), v2(9)] " [1(9) Dr1(9) ¥2(9) Dr2(9))
= [01(9), Dne2(9)][Dre2(g ) [ (g),sm(g)]]

(3.1) [le1(9), Daer (9))] (9): 1) [r(9), w2(9)]]
- [l1(9). Dae2(9)] [Daa(9), [02(9), 1(9)]][#1(9), #2(0)], Dnsor (9)]
- [Da1(9), Dup2(9)] [Dup2(9), [92(9), Dae1(9)]][Drer(9), 2(9)]-

Dhpa(g

The mappings Dy 1(g) and Dpp2(g) are polynomial of lc-degrees < d — (¢, + 1)
and < d ~ (t2+1), respectively. Thus by our assumption, all commutators on the
right hand part of (3.1) are polynomial mappings of le-degree < d ~ (¢ +t2+1) =
d = (s + 1), and such is their product Dy[@1, 2], Hence, [@1, 2] is polynomial
of le-degree < (by,...,b.) with b; = d; — (1 + ¢2) if d; > t1 + t2. Tt remains only
to check that [¢1, p2](G) C F(;4q) if d; < t1+1t2. Fix g € G, and let 41,45 € N be
such that ¢1(g) € Fii,) > Fi, 1) and @2(g) € Fi,) > Fliy41)- Then d;, — ¢, >0
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and d;, —t2 >0, 50 d;, 44, > d;, + di, > t1 +t2 > d;, and thus iy + 42 > i. But
then [p1(g), v2(9)] € Fis, 4in) € Flivr)- .
(c) Let ¢ be a polynomial mapping of lc-degree < d -t = s. For h € S and
g € G, write
_ _ _ -1 —_
Di(p7)(9) =¢(9)0(gh) ™" = (g)(e(9)"e(gh)) ™ olg)™"
=0(9)Dre(9) " 0(9) ™" = Dro(9) ™ o(g)[v(g), Dre(g) elg) ™!
=Dn(9) " 0(9), Dre(g)  e(g) [¢(g), [v(9), Drelg) T olg) ™"

=Dn(9) " [e(9), Dri(9)~1[#(9), [¢(9), Dre(g)™1]] - .-
: [w(g% . [e(9), Drolg)™H.. -]w(g) -Cp(g)7h,

where C = [go(g), oy [0(9), Dro(g)™1] .. ] € Fc41) and thus C = 1p. Hence

Di(p~)(g) =Dne(g) e(9), Dre(9)~1[e(9), [e(9), Drelg) 1] - .
: [90(9)7 .., [(9), Dailg)™1] .. ]

(Dne)~ " is polynomial of le-degree < d ~ (t+1), and so, by (b), all factors on the
right hand side of (3.2) are polynomial mappings of le-degree < d~ (t+1). By
(a), D(p~1) is polynomial of lc-degree < d = (¢ + 1). Hence, ¢! is polynomial
of lc-degree < (by,...,b.) with b; = d; — t if d; > ¢. Since also g~'(G) C F(i1)
if d; < t, we are done. |

(3.2)

3.5. The following proposition shows that, when F' is a nilpotent group, the
polynomiality of a mapping ¢: G — F does not depend on the choice of a
generating set in G.

PropoSITION: Let F be nilpotent of class ¢ and let S C G be a generating set for
G. If p: G — F is polynomial of degree < d relative to S, then y is polynomial
of degree < (¢! —1)/(c — 1) relative to G.

Proof: If ¢ is polynomial of degree < d relative to S then, for any h € 5,
Dy is polynomial of degree < d — 1 relative to S. By induction on d, Dy is
polynomial of degree < d. = (c? — 1)/(c — 1) relative to G, and so of le-degree
< (d¢,2d,, . .., cd.) relative to G. It follows from Lemma 1.2 and Proposition
3.4 that Dy is polynomial of le-degree < (d.,2d,,...,cd.) relative to G for any
h € G, and so ¢ is polynomial of degree < cd, + 1 = (c*+! — 1)/(c — 1) relative
to G. ]
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3.6. PROPOSITION: A mapping ¢: G1 X G3 — F to a nilpotent group F is
polynomial if and only if there are dy,ds € N such that for all g9 € G the
mapping 1g,: G1 — F, 4,(91) = ¢(91, 92), is polynomial of degree < d;, and
for all g, € G the mapping 74,: Go — F, 74,(92) = ©(g1, 92), is polynomial of
degree < dj.

Proof: The “only if” part is clear. Assume that the mappings v,, g2 € G2, are
all polynomial of lc-degrees < d; relative to G, and the mappings Tgrs 91 € G1,
are all polynomial of lc-degrees < d, relative to G5. Then for any h; € Gy and
any go € Ga, the restriction of Dn,,14,)p on any set of the form g = const
has lc-degree < dy + 1, and the restriction of D, 1,,) on any set of the form
g1 = const has lc-degree < ds. By induction on (dj,ds) we may conclude that
D, 16,)¢ is polynomial of degree < di +dy ~ 1. Similarly, for any he € Go,
D14, ny)% 18 polynomial of degree < di +dz ~ 1. Since elements (h1,1q,),
(1@, , ha) generate G1 X G4, ¢ is polynomial of lc-degree < dj + ds. ]

3.7. COROLLARY: Let G be a nilpotent group. Then the operations of multi-
plication G x G — G, (g1, g2) > g192, and of raising to a power G x Z — G,
(g,m) — g™, are polynomial mappings.

3.8. Let F be a finitely generated torsion-free nilpotent group. It is well known
that F' then possesses a subnormal (and even a central) series {1p} = Fyqq <
F, <-4 F; = F with infinite cyclic factors: F;/F;y1 ~ Z,i=1,...,t (see, for
example, [KM]). Let f; be a generator of Fy over F, (that is, foF» be a generator
of F1/Fy), f2 be a generator of F; over F3, etc. We will call {fy,..., f;} a basis

of F': every element of F is uniquely representable in the form f"* --- f* with
ai,...,a; € Z. So we have a coordinate mapping a: F' — Z! a(fft--- f*) =
((1,1, ey (lt).

3.9. Let F be a finitely generated torsion-free nilpotent group, let {fi,..., fi}
be a basis of F' and let ¢: G — F be a mapping. We can write ¢(g) =

FP@) D where py, ..., ps are mappings G —s Z.

PROPOSITION: ¢ is polynomial if and only if all py,...,p; are polynomial map-
pings.

Proof: If py,...,p; are polynomial, then (g) = fF*9... ,’C”“(g) is polynomial

as a product of polynomial mappings. Conversely, let ¢ be polynomial. Then
the mapping ¢,: G — F;/F; induced by ¢ is also polynomial. Let fl = f1Fy;
then ¢1(g) = f7 19 Tt follows that p1 is polynomial. Hence, the mapping
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wi(g) = 9 is also polynomial, and so ] 'y is polynomial and maps G into
F,. Now, we may apply induction on ¢ for which ¢(G) C F;. |

3.10. CoROLLARY: Let F' be a finitely generated torsion-free nilpotent group
and let ¢: Z — F be a nonconstant polynomial mapping of degree < d. Then

for any f € F, #¢71(f) < d.

Proof: We may assume that f = 1g. Let {fi,..., fr} be a basis of F and let
o(n) = ffl(n)---ff‘("), P1y--- Pk L — Z. Then ¢(n) = 1 if and only if
p1(n) =--- = pg(n) = 0. Let i be the minimal index for which p; is nonconstant
and let F;y; be the subgroup of F generated by fii1,...,fx. Since Dip(n) =

ff"(nﬂ)_p"(") mod F; .y, we have degp; < d. |

3.11. The following is a reformulation of Proposition 3.9.

PrOPOSITION: Let F' be a finitely generated torsion-free nilpotent group and
a: F — 7! be a coordinate mapping. A mapping ¢: G — F is polynomial if
and only if a o ¢ is polynomial. In particular, a is polynomial.

Let us also note that the inverse mapping a~': Z! — F, (ai,...,at) —
J1.-- fit, is polynomial as a product of polynomial mappings.

3.12. PROPOSITION: Let G and F be finitely generated torsion-free nilpotent
groups, let 8: G — Z°® and a: F —> Z* be their coordinate mappings. Then
a mapping ¢: G — F is polynomial if and only if the mapping v: 75 — 7Z¢,
¥ = a oo 71, is polynomial.

Proof: By Proposition 3.9, we may ignore o and assume that F = Z!. Then, if
% is polynomial, ¢ = % o f is polynomial by Proposition 2.6.

Let us assume that ¢ is polynomial of degree < d relative to GG, and let
{g1,---,9s} be the basis of G corresponding to 8. Fix 1 < j < s and

bl,...,bj_l,bj+1,...,bs € Z.

The restriction of 1 on the line {(bl, ey bj1,b,bj41, .0, b)| b E Z},

i—1 b bit1

b b .
b gy .. -95-1 959541 ~'-92 ),

is a polynomial mapping of degree < d. By Proposition 3.6, ¢ is polynomial.
1



Vol. 129, 2002 POLYNOMIAL MAPPINGS OF GROUPS 49

3.13. Propositions Proposition 3.7 and 3.12 imply as a corollary the well known
fact that, in a nilpotent group, the operations of multiplication and raising to a
power, being written in coordinates, are represented by polynomials:

COROLLARY: Let G be a finitely generated torsion-free nilpotent group and let
{g1,-..,95} be a basis of G. Then there are polynomials Pi,...,Ps: Z** — Z
and Q1,...,Qs: Z*t' — Z such that for any ay, . .., as,by,. .., bs,n € Z one has

(gl . )(91 . ggs) _gpl(alv---vasyblv-- obs) | . gbe Ps(ay,...,as,b1,...,bs)

(91 “,gss) gQ1(a1, 85,7) g?s(al,...,as,n)'

and

3.14. We will need a bound on the degrees of the polynomial mappings p; in
3.9. Such a bound is easily obtainable when the basis of F' is compatible with
the lower central series of F:

PROPOSITION: Let F be a finitely generated torsion-free nilpotent group of class
cand let F' = Fy D Fgy D --+ D F¢) D Fcq1) be the lower central series
of F. Assume that for all i = 1,...,c the (finitely generated abelian) groups
F;/Fi,1 have no torsion; let {f1,..., ft,} C F(1) be a basis of F(1) over Fyy (that
is, {f1F(2),---, f. F(2)} is a basis of F(1)/F(2)), let {fi,41,..., f,} C Fiay be a
basis of F3) over F3y, and so on. Let ¢: G — F, ¢(g) = ffl(g) . --ff‘f(g)

a polynomial mapping of degree < d. Then, for any j <t., ift;_1+1<j <t
then degp; < id.

Proof:  Since degy < d, le-dege < (d, 2d,...,cd). Assume by induction on
i that ¢(G) C Fy;, that is, p(g) = ftlllfll 9. -ffi‘“(g). Then the mapping
@it G —> F;/F;y; induced by ¢, @ = fy 737 -+ ff% mod Fjg41), has degree
< d and so, all the mappings Dt;_1+1,---,Dt, have degrees < id. Thus the
mappmgs ftl ’1:{1, AN t : G — F have degrees < id, so they have lc-degrees
< (d,2d,...,cd), and so their product p; = ftl' ' 1- ft’;t’ has lc-degree <
(d,2d,...,cd). Hence, the mapping ¢; ' = f; 1" --- ff*=, which sends G into
F(i+1), also has lc-degree < (d,2d,...,cd), which gives the step of induction.

3.15. Not all torsion-free nilpotent groups possess lower central series with
torsion-free factors. However, every finitely generated torsion-free nilpotent
group is contained in a finitely generated nilpotent group of the same nilpo-
tency class which already satisfies this property (see, for example, [KM] §17).
This allows us to generalize Proposition 3.14:
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PROPOSITION: Let F' be a finitely generated torsion-free nilpotent group of class
c and let p: G —> F be a polynomial mapping of degree < d. Then there is a
basis {f1,. .., fi} of F such that in the representation p(g) = fF*9) ... fP(9) tpe
polynomial mappings p1,...,p: are all of degrees < dc.

Proof: Let F be a finitely generated nilpotent group of class ¢ containing F

and such that the factors F(i) /f:‘(i+1), i = 1,...,¢, of the lower central series
F= F(l) D F(g) DD F(c) D) ﬁ(c+1) = {lp} have no torsion. Put F; = F(i)ﬂF,
i=1,...,c+ 1. Then the factors F;/F;; have no torsion as well.

Let {f1,.-.,ft,} € F1 be a basis of Fy over Fy, {ft,+1,---,ft,} C F2 be a
basis of Fy over Fj3, and so on. Then the basis {f1,..., fi.} of F satisfies the
requirements of the proposition: for any j with¢,_1+1 < j <t,, one has degp; <
id. The proof is the same as in Proposition 3.14, with the only distinction that
one has to counsider the le-degree of the arising polynomial mappings with respect
to the lower central series of F instead of F. ]

3.16. Given h € G, we define the left h-derivative of ¢: R — F by
DEo(g) = ¢(hg)p(g)™. Let S be a generating set for G; we say that ¢ is
left-polynomial of degree < d (relative to S) if for any hq,...,hg41 € S,
Df, -~-D,f‘d+1<p =1p.

ProPOSITION: If F is nilpotent, then ¢: G — F is (right-)polynomial if and
only if ¢ is left-polynomial.

Proof: 1t suffices to check only one implication. Let ¢ be polynomial of degree
< d and let F have nilpotency class ¢; we will show that ¢ is left-polynomial of
degree < dc?.

We may replace G by the free group generated by S. F is a factor of a torsion-
free nilpotent group F'; by Corollary 1.20, we may replace F by F and assume that
F is torsion-free. We have to check that ¢ satisfies Dy -- -D,I;dczHcp(g) = 1¢ for
all hy,..., 4241 € S, g € G. Any such identity involves finitely many elements
and so we may assume that S is finite. By Corollary 1.18, we may assume that
F is finitely generated.

Using Proposition 3.15, find a basis {f1,..., fi} of F such that for ¢(g) =
FPr@ P9 gne has degp; < de, i = 1,...,t. By Corollary 2.13, the polyno-
mial mappings p;: G — Z, i = 1...,t, are also left-polynomial of degree < de.
By the “left” version of Proposition 3.4, ¢ is left-polynomial of degree < dc?.
|
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3.17. Let F be a finitely generated nilpotent group and let H be a subgroup
of F. Then H is closed in F (see 1.25) if and only if F' possesses a subnormal
(and even a central) series over H, H = F,41 < F,. a---<aF; = F, with infinite
cyclic factors: F;/F;11 ~Z,i=1,...,r (see [BL], Proposition 1.17). Let f be a
generator of Fy over Fy, fa be a generator of Fy over Fy, etc. Then {f1,..., f+}
is a basis of F over H: every element of F' is uniquely representable in the
form f7'--- feh with a4,...,a, € Z and h € H.

3.18. Proposition 3.9 is extendible to the case of a basis over a closed subgroup:

PROPOSITION: Let G be a group, let F' be a finitely generated nilpotent group,
let H be a closed subgroup of F, let {f1,..., f-} be a basis of F over H, and
let p: G — F be a mapping, o(g) = fP*9 ... 2" Oy(g) py,....pri G — L
and y: G — H. Then ¢ is polynomial if and only if all p1,...,p, and ¢ are

polynomial mappings.
The proof is completely analogous to the proof of Proposition 3.9.

3.19. COROLLARY: Let F be a finitely generated nilpotent group, let H be a
closed subgroup of F and let ¢: Z — F be a polynomial mapping of degree < d.
Then for any f € F, o(Z) € fH implies #o~}(fH) < d.

3.20. Propositions in this section were formulated for polynomial mappings of
general groups to special (nilpotent) groups. However, the structure of the range
of a polynomial mapping puts some restrictions on the structure of the domain
of the mapping:

PROPOSITION: Let F' be a solvable group and let ¢: G — F be a polynomial
mapping (relative to a set S generating G). Then ¢ Is representable as the
composition ¢’ o w of a homomorphism 7 of G onto a solvable group G’ and a
polynomial mapping ¢': G' — F.

Proof: Let G = G and GYW = [GU-V GU-V)] j = 2,3,.... Assume that
¢ has degree < d and that F' has solvability class c. We will show that ¢ is
defined on G/G(*+1)_ Since the shifts ¢'(g) = p(gog) of ¢ are also polynomial
of degree < d, it is enough to prove that ¢ is constant on G{d(c+1)),

We may assume that ¢(1g) = 1p. By induction on d, for any h € S the
mapping Dy is constant on cosets of the subgroup Gy_; = G{d=D(e+1) ip
G. So, for any g € G4—1 and go € G, Dp(990) = Dr(go). By Lemma 1.23,
©(g990) = ¢(9)p(go) for all g € G4_1 and go € G; in particular, ¢lg, , is a
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homomorphism. Since F' has solvability class ¢, ¢|g,_, is trivial on the (¢+1)-st
commutator subgroup of G4_1, that is, on G(@dct+1), | |

3.21. PRrOPOSITION: Let F be a nilpotent group and let p: G — F be a
polynomial mapping (relative to a set S generating G). Then ¢ is representable
as the composition @ = wo ¢’ of a homomorphism m of G onto a nilpotent group
G’ and a polynomial mapping ¢': G’ — F.

Proof:  Let G = G(3y D G2y D -+ be the lower central series of G, Gi11) =
(G, G5)]. We have to show that for k large enough, ¢ is constant on cosets of
Gy in G. G is a factor, ¢: G — G, of the free group G generated by S; since
w(é(k)) = m(Guy) for all k¥ € N, we may replace G by G. In its turn, F is a
factor of a torsion-free nilpotent group F; by Corollary 1.20, we may replace F
by F and assume that F is torsion-free.

Let F have nilpotency class ¢ and let the degree of ¢ relative to § be < d; we
will show that ¢ is constant on cosets of the subgroup G cq41) in G. We have to
check that for any g € G(cay1) and go € G, ¢(gog) = ¥(go); we may therefore
assume that G is finitely generated (that is, that S is finite). By Corollary
1.18, we may assume that F' is finitely generated as well. 1t then follows from
Proposition 3.15 that the proposition is reducible to the case where F is abelian
and ¢: G — F has degree < cd; this case is covered by Proposition 2.15. |

3.22. In conclusion, we can generalize Proposition 2.6:

Pl .
PROPOSITION: Let Gl—waz—(Q)--- Gy be a sequence of polynomial map-

pings such that Gy, is a nilpotent group. Then the composition gg_10:--0pP20@1
is also a polynomial mapping.

Proof: When all Gy, ..., Gy are finitely generated torsion-free nilpotent groups,
the statement follows from Proposition 3.12 and Proposition 2.6. The general
case can be reduced to this special case in the following way. First, Proposition
1.12 allows one to reduce the problem to the case where G is finitely generated.
It then follows from Corollary 1.18 that G, ..., G may also be assumed to be
finitely generated. Next, Corollary 1.20 {combined with Propositions 1.10 and
1.11) allows one to replace G, ..., Gx—; by finitely generated free groups. Then,
Gy, is a factor of a finitely generated torsion-free nilpatent group and, again,
Corollary 1.20 allows one to replace Gy by this group. Then, by Proposition
3.21, Gx_1 may be replaced by some its nilpotent factor-group. Induction on k
finishes the proof. 1
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3.23. Question: How does the structure of G affect the structure of F'? For
example, if ¢: Z — F is a polynomial mapping of degree < d relative to Z and
with ¢(0) = 1p, what can one say about the group generated by ¢(Z)?

4. Polynomial mappings of amenable groups

For any conventional nonzero polynomial P: Z*¥ —s 7!, the set, of zeroes of P
has zero density in Z*. We will show in this section that an analogous fact holds
for polynomial mappings of any countable amenable group.

4.1. From now on, let G be a countable amenable group. G possesses a (right)
Fglner sequence, namely, a sequence ®,,®,,... C G of finite subsets satisfying

N AN
[®rg & Pi| — 0 for any g € G.
l(pk| k—o00
We fix a Fglner sequence ®,,®,,... in G; a set Q@ C G is said to be of zero

density in G
|Q N Dy

if 0,
|¢kl k—o0

and of density one if G\ () is of zero density.

4.2. The following proposition is formulated under some restrictions on the
generating set S; we do not know if it remains true without these restrictions.

PRrROPOSITION: Let G be a countable amenable group and let S be a generating
set for G satisfying the following property: h € S implies h™ € S for alln € N.
Let F be a torsion-free group and let p: G — F be a nontrivial mapping
polynomial relative to S. Then the preimage Q = ¢~ (1) has zero density in
G.

Proof: We will call a subset of G of the form L(g, h) = {gh'};cz with g,h € G,
a line, and a set I(g, h,1) = {gh!}i_, with g, h € G, [ > 0, an interval.

We may assume that ¢ is nonconstant. By Proposition 1.24, ¢ is constant on
any finite line, that is, on any line L(g, h) with h having finite order. Thus, there
must exist i € S of infinite order such that ¢ is nonconstant on a line L(g, h);
Dy is then nontrivial for this h. We fix such h € S; by induction on the degree
of ¢, the set Q' = {g € G| @lo(g,n) = const} C {g € G| Dry(g) = lp} has zero
density in G.

We will use the following fact:

SZEMEREDI'S THEOREM ON ARITHMETIC PROGRESSIONS ([Sz]): For any r € N
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and any € > 0 there exists N € N such that for any M > N, any set R C
{1,..., M} with |R| > eM contains an r-term arithmetic progression.

Fix € > 0. Let deg ¢ < d; let, by the Szemerédi theorem, N € N be such that
for any M > N any set R C {1,..., M} with |R| > eM contains a d + 1-term
arithmetic progression. Let k € N be such that, for the k-th term of our Fglner
sequence,

2
|q>khAq>k|<—A§|q>k| and  |Q' N x| < €]@y].

Represent @, as a disjoint union &y = Uﬂe p Ip of maximal intervals Iy =
I(gp, h,1g), that is, such that ggh~!, ggh'é*1 ¢ ®. Let By = {,3 € B| |Iz] < N},
By = {ﬂ € B~ By| |QﬂIﬂ| < E|Iﬂ|}, B; = B\(BlLJBQ), and let 4; = UﬂEBi I,
1=1,2,3. & is then partitioned &y = A, U A3 U Az.

We have, first,

2e 2
N|@k| > |(I)khA<I)k| > |A1hAA1! > N|A1|,

so |Ai| < g|®g|. Secondly, |Q N Ag| < €|lAa] < el®g|. And finally, let 5 € Bs
and Ig = I(g,h,l). Then, by the Szemerédi theorem, there are m € Z and
n € N such that gh™, gh™t" ..., gh™t9 € Q. By Proposition 1.22, applied to
the line L(g,h) (here we use our restrictions on S), ¢ is constant on L(g, k). So
Iz C L(g,h) C Q', which implies A3 C Q' and so [A3N®| < |®x|. Summarizing,
*Qﬂ@,ﬂ < |A1‘+‘QOA2‘+\A31 <3€\(I)k\. |

4.3. In the case where F' is nilpotent we can generalize Proposition 4.2:

PROPOSITION: Let G be a countable amenable group, let F' be a nilpotent group,
let p: G — F be a polynomial mapping relative to some S generating G, and
let H be a closed subgroup of F. For f € F, if o(G) € fH, then Q = ¢~ '(fH)
has zero density in G.

Proof: We may assume that f = 1p. Like in the proof of Proposition 4.2, there
is b € S of infinite order such that Dyo(G) € H. By induction on the degree of
¢, @ = (Dgp)~*(H) has zero density in G.

Fix € > 0, put a = (d + 1) /¢, and let k¥ € N be such that

2e
|Prg A &g < —a—|¢k| and |Q' N ®i| < |y

Represent @ as a disjoint union of maximal intervals, ®; = Uﬁe glp. Put By =
{BeB||lgl <a}, By={B € B B |@NIgl <d+1}, B3 = B (B1UBy),
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and A; = Ugep, Ip, i = 1,2,3. Then, first,

2¢e 2

80 |A1| < €]®g|. Secondly,

A
QN Aq| < (d+ 1)% =¢g|As| < e|Pg).
And finally, for 8 € Bs, by Corollary 3.19 we have ¢(Ig) C H, which implies
Is C Q. Thus A3 C Q' and so |A3 N D] < Dy |

4.4. We will need the following technical corollary of Proposition 4.3:

COROLLARY: Let K be a group, let G be a countable amenable group, let F
be a nilpotent group, let £: G x K —» F be a polynomial mapping, let H
be a closed subgroup of F and let f € F. If £(G x K) € fH, then the set
Q={9€G|&({g} x K) C H} has zero density in G.

Proof: Let h € K be such that £(G x {h}) € fH; we may replace K by the
group generated by h and so assume that G x K is amenable. If () had nonzero
density in G, then Q x K C £~'(H) would have nonzero density in G x K. ]

4.5. Question: How many zeroes may a polynomial mapping ¢: Z — F of
degree < d have? May it have more than d zeroes? (The positive answer to this
question would allow one to avoid using the Szemerédi theorem in the proof of
Proposition 4.2 and remove the restriction on S from its formulation.)

5. An application: Unitary polynomial actions of amenable groups

5.1. Let G be an amenable group and let ¢ be a mapping of G to the group of
unitary operators on a Hilbert space H. We will say that ¢ is compact on u €
H, or that u is a compact vector for o, if the orbit ¢(G)u = {¢(g9)ul g € G}
is precompact. Let £ be a subspace of #. We will say that ¢ is compact on £
if ¢ is compact on all u € £. We will say that ¢ is weakly mixing on L if for
every u € £, u' € H and every € > 0, the set {g € G| |{¢(g)u,u’)| > €} has zero
density in G (with respect to a fixed Fglner sequence).

If ¢ is a mapping of G to the group of measure preserving transformations
of a probability space (X, B, i), we say that ¢ is compact on X if the induced
mapping of G to the group of unitary operators on H = L*(X, B, ut) is compact
on H, and that ¢ is weakly mixing on X if the induced mapping is weakly mixing
on the orthogonal complement H © C of the subspace of constants in H.
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5.2.  We call a polynomial mapping of a group G to a group of transformations
of a (topological, linear, measure, etc.) space X a polynomial action of G
on X. We will consider polynomial unitary actions of a group on a Hilbert
space and polynomial measure preserving actions on a probability space,
under the assumption that the images of these actions are contained in finitely
generated nilpotent groups of transformations.

5.3. We will need the following “structure theorem” for umitary actions of
finitely generated nilpotent groups:

THEOREM ([L3]): Let F be a finitely generated nilpotent group of unitary oper-
ators on a Hilbert space H. Then there is a decomposition of H, H = @ae 4La
into a direct sum of pairwise orthogonal subspaces such that elements of F' per-
mute these subspaces: for any T € F and a € A, T(Ly) = Lg, B € A, and for
H, = {T € F|T(La) = La} the following holds:
(a) Hq is closed in G;
(b) H, contains a closed normal subgroup E, such that
(i) the action of E, on L4 is compact, and
(ii) every T € H, ™ E, is weakly mixing on L.

We will call the decomposition above a primitive decomposition of H
(relative to the action of F').

5.4. Let G be a finitely generated amenable group, let F' be a nilpotent group
of unitary operators on a Hilbert space ‘H and let ¢: G — F be a polynomial
mapping with ¢(1g) = 1p = Idy. By Corollary 1.18, we may assume that F is
finitely generated as well. Let # = @, 4 Lo be a primitive decomposition of
relative to the action of F. Fix a € A, let Hy, = {T € F| T(La) = Lo} and let
E, be the maximal subgroup of H, whose action on L, is compact.

THEOREM: (a) For any 8 € A~N{a}, p(9)(Ls) L Lg for all g € G but a set of
zero density, and if ¢(G) € H,, then also v(g){(Ly) L Ly for all g € G but a set
of zero density.

(b) If o(G) C Hy ™ E,, then y is weakly mixing on L.

(c) If (G) C E,, then p is compact on L,.

Proof: (c) is trivial. Since H, is closed in F, (a) follows from Proposition
4.3. We only have to prove (b). Let o(G) C Hy ™ F,. Consider the mapping
£ G x G — F and the mappings pn: G — F, h € G, defined by £(h,g) =

on(g9) = @(h) "' Drep(g) = (h) ' ¢(g) " ¢(gh). There may be two cases:
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(i) (G x G) € E4. By Corollary 4.4, op(G) = &(h,G) L Ey forallh e G Q,
where @) is a set of zero density in G. By induction on the degree of ¢, @5 and
so Dpp = p(h)gn are weakly mixing on L, for all h € G~ Q. Hence, for any
u € Lo, any € > 0 and any h € G~ Q, the set {g € G| [(Drp(g)u,u)| > e} =
{g € G| [{p(gh)u, p(g)u)| > €} has zero density in G. The result now follows
from the following lemma (it is proven in [F] for the case G = Z, but the proof
is almost verbatim transferable to the case of the general amenable G):

LEMMA ([F], Lemma 4.9): Let g — uy be a mapping of an amenable group G
to a Hilbert space L such that the set

{h € G| {g € G| |{ugn,uy)| < &} has density one}

has density one in G. Then for any w' € £ and € > 0, the set {g € G| [(ug,v')] <
E} has density one in G.

(ii) E(GxG) C E,. Then for any g, h € G, ©(gh) = ¢(g)@(h) modulo E,, that
is, ¢ induces a homomorphism ¢: G — H,/E,. Let G be of solvability class ¢y,
let H, be of solvability class ¢; and let ¢ = max{¢j, ca}; then G is a factor of “the
universal solvable group of class ¢” G / G(e+1) | where G is the free group with the
same generating set as G, G = G, and GU*D =[G G0N}, j=1,...,¢c. We
may replace G by this group; then ¢ is extendible to a homomorphism 9: G —
H,. n=1"¢ maps G into E, and hence is compact on £,. On the other hand,
1p cannot have compact vectors in L, since for such a vector u, ¢(G)u would be
precompact. Hence, 1 is weakly mixing on £,. It remains to apply the following
lemma:

LEMMA: Let v, be mappings of an amenable group G to the group of unitary
operators on a Hilbert space L and let 1 be weakly mixing and 1 be compact on
L. Then ¢ = vy is weakly mixing.

Proof: Let u,u’ € £ and € > 0, and let v1,...,vx be an ¢/2||u'||-net for n(G)u.
Then

{9 € G plg)u,w')| > e} = {g € G| [(¥(g)n(g)u, )| > €}

k
< U{g € Gl |(9(g)vi, u')| > /2},

which is a union of sets of zero density in G and so is of zero density itself. ]
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5.5. COROLLARY: Let ¢ be a polynomial mapping of a finitely generated
amenable group G to a nilpotent group F' of unitary operators on a Hilbert space
H. Then H = H(p) & H¥™(p) so that H (p) and H¥™(p) are ¢(G)-invariant,
¢ is compact on H () and is weakly mixing on H"™(p).

Proof: In the notation of 5.4, define A°(p) = {a € A| ¢(G) C E,}, A"™ =
AN AS, and put H(p) = Daeacy) Lo and H™(9) = Doe gum(p) Lo- 1

5.6. COROLLARY: Let G be a finitely generated group and let F' be a nilpotent
group of unitary operators on a Hilbert space H. For u € H, the polynomial
mappings G — F which are compact on u form a group.

Proof: By Corollary 1.18, we may assume that F is finitely generated. By
Proposition 3.21, we may assume that G is nilpotent and so amenable. Let
H=6 aca Lo be the primitive decomposition of H relative to the action of F,
and let u =Y 4 U, Ua € Lo, @ € A. Put A(u) = {a € A] uq # 0}; then, in
the notation of 5.4, a polynomial mapping ¢: G — F' is compact on u if and
only if p(G) C E,, for all a € A(u). |

5.7. Now let us turn to polynomial measure preserving actions. Let G be a
finitely generated amenable group, let F' be a nilpotent group of measure pre-
serving transformations of a probability space (X, B, i), and let ¢: G — F be
a polynomial mapping. Then ¢ induces a polynomial unitary action of G on the
Hilbert space H = L2(X, B, u); let H = H () & H"™(p) be the corresponding
decomposition of H. It is clear that H (p) N L®(X) is a ¢(G)-invariant alge-
bra closed under the operation of taking pointwise maximum of its elements.
It follows that #H(p) corresponds to a factor of (X, B, u, ¢): there is a proba-
bility space (Y, D,v) along with a measurable mapping 7: X — Y satisfying
,u(ﬂ"l(Q)) = v(Q) for all @ € D, and a polynomial measure preserving action
¥ of G on (Y,D,v) satisfying ¢(g) om = mo ¢(g) for all ¢ € G, such that
He(p) = n*(L%(Y, D, v)). We have, consequently, the following theorem:

THEOREM: Let ¢ be a polynomial mapping of a finitely generated amenable
group G to a nilpotent group of measure preserving transformations of a proba-
bility space (X, B, 1). Then the system (X, B, y1, ) possesses a factor (Y, D, v, 1))
such that v is compact on Y, and ¢ is compact on u € L*(X, B, i) if and only if
u € 7 (L¥(Y,D,v)).
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5.8. In conclusion, we want to bring an analogue of Theorem 5.4 in the case of
polynomial measure preserving actions. It is based on the following “structure
theorem”:

THEOREM ([L2], Theorem 11.11): Let F' be a finitely generated nilpotent group
of measure preserving transformations of a probability space (X,B,u). Then
there is a nontrivial factor (Z,D,v, F) of (X, B, u, F) with the following proper-
ties. (Z,D,v) is representable as a direct product of probability spaces (Z,D,v) =
HaEA(Za’ Dy, Vo) S0 that elements of F' permute the spaces Z,: for any T € F
and o € A, T(Z,) = Zg, B € A. For every o € A, F contains a subgroup E,
such that

(a) the action of E, on L, is compact;

(b) the stabilizer of Zo, Hy = {T € F| T(Za) = Za}, coincides with the
normalizer of E,, in F;

(c) every T € Hy ™ E, is weakly mixing on Z,.

It is clear that for any @ € A the group E, is closed in G. By [BL] Proposi-
tion 1.16, the groups H,, a € A, are also closed in G.

5.9. THEOREM: Let G be an amenable group, let ¢ be a polynomial mapping of
G to a finitely generated nilpotent group F of measure preserving transformations
of a probability space (X, B, u) satisfying ¢(1g) = 1 = Idx, and let (Z,D, v, F),
(Z,D,v) = [laca(Za; Das Va), be the factor of (X, B, i, F') described in Theorem
5.8. Then for any a € A one has:

(a) for any B € AN{a}, ¢(9)(Za) # Zg for all g € G but a set of zero density,
and if p(G) € H,, then also ¢(g)(Zs) # Zo for all g € G but a set of zero
density;

(b) if o(G) € Hy ™~ E,, then ¢ is weakly mixing on Z,;

(¢) if o(G) C E,, then ¢ is compact on Z,.

Proof: Let us consider the spaces Lo = L?(Z4, Dy, Vo) ©C, a € A, as subspaces
of the Hilbert space L?(Z, D,v). Then the action of F on the space @, 4 La is
as described in Theorem 5.3. Thus, Theorem 5.4 may be applied to this space.
|

5.10. Question: Do the results in this section remain true for non-finitely
generated groups?
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